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Scaling of Fluctuations and Critical Exponents

M. Broidioi and M. Van Canneyt'-2
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We present a new technique to describe the abnormal behavior of certain fluc-
tuation observables in the critical regime of quantum statistical systems which
undergo a phase transition. The idea is to rescale the local fluctuation operators
by a relevant external parameter of the system, in addition to the usual scaling
with the inverse square root of the volume. The scaling indices used in this scal-
ing procedure are directly related to the critical exponents. Furthermore, it is
explained that this new method of scaling preserves the CCR structure of the
algebra of macroscopic fluctuations. Finally, scaling indices are computed for
the relevant microscopic observables at all temperatures in a mean field
approximation for a quantum anharmonic crystal. These indices yield the same
critical exponents as predicted by mean field theory.

KEY WORDS: Abnormal fluctuation observables, CCR algebras, critical
exponents.

1. INTRODUCTION

The theory of normally scaled fluctuations and its connection with repre-
sensations of CCR algebras are by now well understood.!'* Abnormally
scaled fluctuations, appearing in systems with long-range correlations, also
proved to be interesting since mathematical structures other than CCR
arise when the fluctuations need anomalous scaling.®’

We present an alternative method to describe the abnormal behavior
of fluctuation observables of some equilibrium system at criticality. The
idea is to scale the local normal fluctuations of an observable 4 addi-
tionally with a televant external parameter such as (T — T.)%4, where T is
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the temperature of the system. One can then determine the appropriate
scaling index & , such that the limiting distribution

lim lim (exp[i(T—T)* Fy(A)I> 1. .~

ToTc+ N-ow

where F)(A) is the normally scaled fluctuation of 4, is a smooth, nontrivial
function in f. The same procedure can be repeated for other external
parameters. Note that the order of taking the limits is important and that
there is no coupling at all of the external parameters to the infinite-volume
limit.

The scaling indices obtained this way are directly related to the critical
exponents as they are standardly defined in physics. Another important
aspect of this method is that the limiting distributions determine operators
on some Hilbert space which can be identified with the macroscopic fluc-
tuation observables and which generate again a CCR algebra induced by
a quasi-free state, as in the normal case.

In Section 2 we briefly review the theory of normal, supernormal, and
subnormal fluctuations, as developed in ref. 2, 6, 8, and 7. Section 3 intro-
duces the anharmonic crystal, which is used in Section 4 to explain the
alternative way of scaling the fluctuations. Section 5 is meant as an illustra-
tion and contains a detailed analysis of the fluctuations of Q and P in the
case of the quantum anharmonic crystal. An important feature of the
illustration is the relation between the scaling indices and the critical
exponents of the model.

2. NORMAL AND ABNORMAL FLUCTUATIONS

Consider a quantum lattice system (4, < - >), where &£ is a quasi-local
C*-algebra of microscopic observables and {-) is a state on #. The
algebra % is defined as follows: let &/ be a C*-algebra and denote by
., xeZ% a copy of oZ. Then define for all finite 4 =Z“ the minimal
tensor product o, = ® .., which is also a C*-algebra. Finally,
B=,5, Typical examples are spin systems, where &/ is a matrix
algebra, or the harmonic crystal, where &/ is generated by the momentum
and position operators P, Q. The state (-) on 4 is assumed to be transla-
tion invariant and ergodic.

Define the normal local fluctuation observable F,(A4) of an observable
A€ P in the state (- as

Fy(A)=|4y|7"" ) 1 (4—=L4))

XeAN
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where 7, is the translation automorphism in # over the vector x and
Ay=[—N, N]“ a d-dimensional cube in Z¢ The main achievement of
Goderis et al. was to give a mathematical meaning to the limits N — oo of
the Fy(A4). They proved the following. Let %, be a subspace of #. If
YA =A*ec %,

0<A}im (Fy(A)*) <0 (n
Nli_linw (e, = o~ {F/2)limy . o CFN(A)> (2)

then the system (48, %,, { -)) is said to have normal fluctuations for %,. In
this case, the limits (2) define a quasi free state on and yield a regular
representation of a CCR C*-algebra.® This CCR algebra is called the
algebra of normal fluctuations. The regularity of the representation implies
the existence of Boson field operators satisfying the commutation relations

[F(4), F(B)] = lim ([F(4), Fy(B)])

Goderis et al. also derived general cluster conditions under which the
system (%, %,, (->) has normal fluctuations. For the precise statement
and for further details, we refer to refs. 2 and 3.

For some systems however, this theory is not applicable. This is the
case if the fluctuation variance (1) vanishes or diverges. Typical situations
are thermodynamic systems at a phase transition and examples have
already been studied: e.g., the anharmonic crystal or the Curie-Weiss
model."® It is a well-known fact that at criticality susceptibilities may
diverge. These susceptibilities correspond to the variance of some
microscopic observable, e.g., the microscopic observable corresponding to
the order parameter. The divergence of the fluctuation variance is caused
by the long-range correlations of this microscopic observable in the state.

In the physics literature''! the long-range order is described by a
critical exponent, indicating the decay at large distances of the correlation
function:

5 1
<AT-\‘A>_<A>_~O<W_§> as x— o0

To avoid the divergence of the variance, abnormal scaling was introduced:
instead of scaling normally (ie., |4|Y?), one defines a scaling index
d,4€(0, 1/2) such that the abnormally scaled fluctuations

1
1/2+04 Z T,{A—<4)

|AN| xedAyn

FoH(A)=
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have a nontrivial distribution in the limit N — co. Remark that the limiting
distribution

Jim <exp(itF3(A))) = ¢ 4(1)

is, in general, no longer Gaussian.

In situations where lim, _, . {exp[itFy(B)]> =1, one uses the same
technique of rescaling the local fluctuation abnormally, but with a scaling
index dp <0 in this case.

Since the scaling index depends on the observable, the existence of a
CCR algebra is no longer guaranteed; however, recent developments
indicate that interesting structures appear also in this case.’’

3. THE ANHARMONIC CRYSTAL

The model describing anharmonic crystals, discussed in ref. 6, will be
used throughout as a guideline to present the new approach to studying
the abnormal behavior of fluctuations. Since a detailed analysis of this
model can be found in refs. 6 and 12, we will be brief in explaining the
model and its features. The model is defined on a lattice, with a quantum
mechanical particle associated to each lattice site. The observables of such
a system can be described by an algebra Z = ), z¢ &, where each & is
a copy of the C*-algebra .o/ associated to the Heisenberg group,''*’ with
generators 1, P, Q such that [P, Q] =/1.

The local Hamiltonians of the model are specified by the operators

1
Hy(h)=Ty+ VW(T, > Q%>+h Y 9 (3)

lely le Ay
where

1 a 1
Ty=5— 3 Pi+3 Qi+5 Y ¢ulQi— Qi)
v 2’71 le AN ! 2/52/1/\' ! 4/:/'6/‘1\1 I
and Ay={leZ:|l,| <N/2; a=1,.,d}; V=|4y]| is the cardinality of 4.
The local Gibbs states of the model describe the system in equilibrium
at inverse temperature § and are given by

Tr(e ~#Hn 4)

<A>ﬂ.h.N=W)—

where A e &.
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This model is soluble in the sense that for all temperatures, the free
energy density can be calculated, namely

AT, h)= 11m { Z In[2sinh BAR (c; n)

1
B IANI
1 #

———+ Wle,n)—cnnWicy
2A(C/,N) ( ; h N ( I,N)}

where A, denotes the reciprocal volume

~ 2 N
ANz{q I qex=ﬁnna; |"a|<5}

and where ¢, y is the solution of the self-consistency equation

CI:.N__< Z Q/>
le Ay B.h N

h—~+i Z -~
A(CII.N)2 V{]e/_l ZQ(/(CII,N)

A
coth[ﬁ? Aa )} (4)
and A= h/m'?,

Q ()} =wlq)*+ 4(c)
d(c)=a+ W'(c)
w(q)*=§(0)—@(q)

Taking first the limit N — oo and subsequently the limit # — 0+ shows
that the model has a phase transition. The transition is described by the
order parameter { O, ;: there exists a critical line (S, 4,) (see Fig. 1) such
that

{if B<BAA): <Q0>/7=0
if B>pAA) <Qodps=x[p(B A"

where

2

p(B,A)=1m lim

h—=0 No>ox A(Ch )7

is the first term appearing in the self-consistency equation of the infinite-
volume state:
—hz +1(c,, T, A)
4 T = 5 1% s
" A(ce,)? !
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p(T,1)>0

A(0)

Fig. 1. Phase diagram of the model.‘®’

The integral

I{c,, T,A)=

! J g4 g SOthL(B2/2) Q,(ci)]
(27[)11 By zgq(ch)

where #,={geR: |g,| <m; a=1,.., d} is the first Brillouin zone. Remark
that the fact that 250 allows us to take this limit.

4. SCALING WITH EXTERNAL PARAMETERS

In refs. 6 and 7 it was observed that the fluctuations of the microscopic
displacement observable and its canonical conjugate, the momentum
observable, show abnormal behavior on the critical line. In the present sec-
tion we will describe the new approach to studying the abnormal behavior
of these observables.

The abnormal behavior of the susceptibility y, as a function of the
external field can be discussed by studying the following limiting distribu-
tions:

lim lim lim {exp[isF3(Q)1 ssn (5)

h—=0t Ni—- 2 Ni—
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where

F?VQI(Q) IAN ||/‘J Z (Ql <Qi>ﬂ.h. Nz) (6)

IEAN

is the familiar normally scaled local fluctuation of the observable Q in a
volume A, multiplied with an extra scaling factor, which is some power of
the external field strength. The problem is to determine the appropriate d,,
such that the limiting distribution (5) is a smooth function of s.

Coupling the limits N, =N, — oo is possible and does not change the
results in a qualitative way.

The limit (5) is easily verified to be

lim lim lim (exp[stA? O pnm

h—=0+ Ni—» o Ny— @

2

= lim exp —s—h‘"‘?xg(h)
/1 -0+

where

Xoh)= lim lim {(F(Q)*)pim

N Nr— o

Rescaling the fluctuations in this way has two immediate consequen-
ces. First, the limiting characteristic functions of the fluctuations of any
observable A will be Gaussian, provided that an appropriate scaling
index &, is used such that lim, _ 4, x (k) is a nonzero, finite positive real
number.

Second this procedure will preserve the CCR structure of the fluctua-
tions. This follows from the observation that

/16,. +dg

LF3(4), Fi(B)] =1

2 [4.8,]
X, yeadAn
The infinite-volume limit N, — oo of this commutator is, by ergodicity of
the states {-)p, .0, @ c-number:

[Fo(A), F""(B)]=h‘“+"ﬂ< T[4, r_\.,B]> , 0
B.h

xezd
This is the Law of Large Numbers, which lies at the basis of the CCR
structure of normal fluctuations.

The limit A — 0 of this commutator can only give a finite number, dif-
ferent from zero in the situation J,+J;<0. For d,+3J5>0, it is trivial
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that the limit will be zero. The Cauchy-Schwarz inequality implies the
finiteness of the limit

hé,; +dp

lim
M- |AN|l

Y [4.8)]

X.ye AN1

in a situation where J,+d,<0:

ICLFM(A), FR2(B)1) > SAF (AN g (FRE(B)D

Since J,, and d 5 are defined such that the variances on the r.h.s. are finite,
the finiteness of the limit is established. The final conclusion is that under
all circumstances the CCR structure of the limiting fluctuation observables
1s preserved.

Although the new technique of rescaling fluctuations was presented by
means of an external field, it is clear that one can also work with other
external variables, such as |T—T,| or |p—p.| in fluid systems, where p
denotes the density. Doing so, one can obtain information on the critical
exponents of the model one wishes to study, which is interesting from the
physical point of view. Simultaneously, this technique is also interesting
from the mathematical point of view, since the limiting fluctuation observ-
ables will always be characterizable as the Bose field operators of a macro-
scopic CCR algebra on a (possibly degenerate) symplectic space, with a
macroscopic quasi-free state defined on it.

A last point is that one can use the same technique to study the
asymptotic behavior of the Fourier transform of the susceptibility 7 ,(¢). To
that end, one defines the g-mode fluctuation

Y e = <AL )

NE AN|

FN..,,(A) =

|AN| I 12
and scales it with a factor |q|% ie.,

lql°

- lAN| I 172

FNl.q(A) Z ei{lx(A.\'_<A.\'>ﬂ,h=0.N3)

xedn,

The scaling index ¢ is directly related to the critical exponent which
governs the correlation function:!V

n=2(1-¢)
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5. APPLICATION: MEAN-FIELD CRITICAL EXPONENTS IN THE
ANHARMONIC CRYSTAL

We discuss the fluctuation behavior of the single-site observables Q
and P in the equilibrium states of the anharmonic crystal, using the follow-
ing additional scaling factors:

1. Vanishing external field: & — 0.
2. Vanishing temperature difference (77— 7.} — 0+.

3. The momentum of the fluctuations g — 0.

The results illustrate the ideas introduced in the previous section.
Moreover, Q defines the order parameter of the model and consequently
the scaling indices of Q should correspond to the critical exponents of a
mean field model. This is shown to be the case.

The resulting CCR algebras of macroscopic fluctuation observables
will be commutative for all critical temperatures 7. #0 with a quasi-free
state defined on it. Only for T.=0, is the algebra non-Abelian.

As explained above, it is sufficient to calculate the variances of the
macroscopic fluctuations in order to characterize the quasi-free state on the
CCR algebra of macroscopic fluctuations. Therefore, we calculate

im  lim {(F3(O))) s

Ni—- o Ny—x

h*2 A 2
=Wcoth {ﬂ? [A(c/,)]”'} (8)
i, Jm CERPD g
25 12
AT o {2 ey ©)

hm hm <(F‘;vl(Q))2>[)’.h,Nz

Ny—w o NMa— =

T—T.|*4 y) ,
=|—[-W‘)I]I/2-coth {%—[A(c,,)]”'} (10)

lim  lim <(F%(P)>Dpnm

Moo Ni1iow

2 1/2
— |T Tcl /;m[A(c,,)] coth {ﬁz_j' [A(C/,)] 1/2}

(11)
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lim lim {F; 0 (Q)* F; 0 (Q)) ph=o.n

Ni— oo Ni—wco

__lgI*4
Q(4(ch))

B

coth[qu(A(c*))] (12)

im  lim (F% 0 (P))pion

Ny Nr1—~»w

_laP amegae) [/ﬁ
2

2

9,,(4(*))] (13)

The results for these scaling indices are contained in the following
theorems.

Theorem 1.

(a) If T>T(A,), then &' =5=0.
(b) If T<T,A,), then &' =0 and 6=1/2.
(¢ If T=T4(4.), then 6'=0 and

2 if d=3
d={1+0 if d=4
i if d=5

Proof. The normality of the momentum fluctuations is immediate
upon observing that for small 4

, h*¥m
li F2(P))? ~—
Nl_{nm (FMP)) >/,',/..N 26

For the position fluctuation, we need to consider the three cases separately:

(a) Since 4(c,) >0 if h— 0, this is trivial.
(b) In this case'® A(c,) ~ A, such that our statement follows.

(c) Here the behavior of 4(c,) as a function of /4 has to be studied.
This is done in exactly the same way as in ref. 6: We consider the behavior
of the self-consistency equation (4) as 4 tends to zero. Therefore, rewrite (4)
as

2

* =rch)+1x(cha Trs ;Lc)_l.r(c*, Tc’ ic)

cp—¢C
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Using the fact that 4(c,}=(c,—c,) 2W"(c,)+olc,—c,) and

A(Cix) ddq 1
ﬂc(zn)d lql <e¢ szqz(d(ch)‘*'szqz)
+(eh—cy) 01575 (ch)

Ix(cha Tra l‘.) —I_‘.(C*, Tc’ Ac) =

where
A pi
I=o= d* coth[—w }
U I ST Yy e PR
we get
A(c,) h? A(c,)
d — d a I(>a) '
2WII(C*) A(C/,)+2W"(C* ctd (C[,)
4(c,) d 1

BL27) dyg) <c qszqz(d(ch)_}_squ)

The second term on the r.h.s. is always bounded. The third term, however,
is dimension dependent:

I§=9(c,) = 1§*9c)) =

4n[ 4(c)]'? < S& )

s—arctan | ———53

ﬂc(Zﬂ)3S I:A(ch)]l/2
K g2+ d(c,,
I‘4<E)(C*) —IE‘<E)(C") =W A(CI,) In <”Tch)(c’)>

For d =5 one uses
I(tl<€)(c*) - I£[<€)(C[,) = (C,, - C*) a('Id(c/l)
This leads, for d=3, to the following self-consistency equation:

d(c,)) W + A(cy)
2W'(c,) A(cy)? 2W’(c,)
4n[ A(c,)]'”? € )
ﬂ((Zn)3s3 I:A(Ch)]l/2

or A(c,) ~h*?® as h— 0. For d=4 the behaviour of 4(c,) is given by the

equation
2.2
B = Alc, 3ln<S£ >
eI\ Gte)

0.1,7°(c),)

arctan <

which is somewhere between 1% < A(c,) < h** In(h).
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For d>5 we have, similarly, 4(c,) ~h*3 Now for small 4, (8) can be
written as
. ” 2h%°T,
l}gnm CFUOYY ponn= a0
From this, it is clear that this remains finite and nontrivial in the limit
h— 0 only if

2 if d=3
d={14+0 if d=4 |
! if d>5

Theorem 2. If T.>0, A=4, and T> T.+ and if « and o are
defined by (10) and (11), then a =1/2, ' =0. The value 1/2 for the scaling
index « agrees with the critical exponent y=1 predicted for mean field
systems:‘'!)

Xo(T)~[T—T |77

Proof. Again the behavior of A(c¢;) as T— T .+ is deduced from the
behavior of the gap equation, as T— T.+. The argument goes as follows:
One can easily verify that 8,1,(c, T, A) exists and is nonzero for T>T..
Therefore, c—c¢, ~(f—f.), and hence A(cy)~(T—T,). Now, for small
4(c),

| . T* T(‘ 2a

A}I_I.nw <F~(Q)'>TJ'=°-N~|AﬁI_
. 9 2’ 172 ﬁlr 172
A}lm CF(PYY ppeon ~|T—T. > [4(c)] cothT[A(C)] P

This yields the results. |

Theorem 3. IfT=T.>0and 1=21_, then ¢=1, ¢ =0, where ¢ and
¢' are defined by (12) and (13). The value e=1 implies that the critical
exponent z describing the asymptotic decay of the correlations for the
order parameter equals 0. This agrees again with the standard result./'!

Proof. For T=T,, 4(c,)=0, and hence 2,(c,)~ |sg|, where s is a
constant. For small &, from (12), we have

fim CFA(0)* FEA(O)> 1pm o~ 0

TR
N oo s*1ql*

This yields ¢=1. For the same reasons as in the previous theorems,
e=0. ]
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We may conclude that our new method of studying fluctuation
behavior has produced interesting results from the physical point of view:
we retrieve the usual values for the critical exponents of a mean field
system at the critical points 7°.> 0. Our results are also interesting from the
mathematical point of view. It is important to realize that in fact we
characterize for each point of the phase diagram a CCR algebra of macro-
scopic fluctuation observables and a quasi-free state on this algebra. The
CCR algebra is abelian in the critical situations.

The non-abelian character of the macroscopic CCR algebra will be
restored when the critical behavior of the fluctuations of Q and P is studied
for the ground states. This should be clear from the following expressions
for the fluctuation variances:

. P 2
Jim (FHQ roonn=7

: . A
CFUP)® roanw=hden) T

N T 2“/1
<<F‘;V<Q>)->T.,,=O,N='_A'(F
» 5 , A
<(F°I§’(P))_>T,h=o_1v= |T|2°‘ A(CI:)Tm
€ * e lq|* A
CFoMQ) F,,‘,\,(Q)>T=0‘,,=0'N=m

. . et Am
<F;.N(P)* F;,N(P)>T=o,h=o.N= 7] Qq(C)T

The non-Abelian CCR-algebra structure will always emerge, since the criti-
cal exponents for Q and P will always have an opposite sign. Again, this
observation agrees with the one in ref. 6. The exact value of the critical
exponent depends of course on the value of 4.

The scaling indices now no longer yield the same critical exponents.
However, little is known about calculations of critical exponents in the
ground state; therefore the results should be interpreted with caution.

Theorem 4. For T=0and d>2:

(a) IfA>4,, thend=¢"=0.
(b) If0<A<i, thend=—0"=1/4

822/82/1-2-9
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Proof. 1f T=0, the self-consistency equation reads

B h? 4 1 J A
S A(ey)? T 2m) lw2Q(c)

Ch

Making the same analysis as in Theorem 1, leads to our resuit. [
Theorem 5. If T.=0, A=/, thena=1/4, o' = —1/4.

Proof. The same reasoning as in Theorem 2 is followed, together
with the fact that

: IT_Tclza
lim (Fy(Q)* Fy =1
lim CEMQ)* F@ e~

Jim CFy(P)* Fy(P)) ~|T—T.|* /4(c)

which yields the result. |

The critical exponent y would be 1/2 in this case.
Finally, we have the following result.

Theorem 6. If T=0, A=, thene=1/2 and ¢' = —1/2.

Proof. The proof follows the same lines as the proofs of the previous
theorems. ||

The critical exponent # calculated with the result from this theorem
would equal 1.
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